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COUNTEREXAMPLES TO FUJITA’S CONJECTURE ON
SURFACES IN POSITIVE CHARACTERISTIC
YI GU, LEI ZHANG, AND YONGMING ZHANG
Abstract. We present counterexamples to Fujita’s conjecture in positive charac-
teristics. Precisely, we show that over any algebraically closed field k of character-
istic p > 0 and for any positive integer m, there exists a smooth projective surface
S with an ample Cartier divisor A such that the adjoint linear system |KS+mA| is
not free of base point. Our surface S is a certain kind of generalization of Raynaud
surfaces.
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1. Introduction
The study of adjoint linear systems plays an important role in the classification
of varieties. Recall the famous conjecture raised by T. Fujita [Fuj87]:
Conjecture 1.1. Let X be a smooth projective variety of dimension n over an
algebraically closed field of characteristic zero and A an ample Cartier divisor on
X. Then the adjoint line bundle
(1) OX(KX +mA) is generated by global sections when m ≥ n+ 1;
(2) OX(KX +mA) is very ample when m ≥ n + 2.
On curves, this conjecture follows from Riemann-Roch formula immediately. The
conjecture has also been proved for surfaces completely by Reider’s elegant method
[Rei88]. The base point freeness part of this conjecture has been proved up to
dimension four ([EL93, Hel97, Kaw97]) and claimed in dimension five by Ye and
Zhu [YZ]. For higher dimensional varieties, many “Fujita’s conjecture type” results
(possibly not sharp bound) are obtained, and one remarkable result was given by
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Angehrn and Siu [AS95]: |KX +mA| is base point free for m ≥
(
n+ 1
2
)
+ 1. We
refer the readers to [Laz04, Sec. 10.4A] for a brief review about both the related
results and techniques.
In characteristic p > 0, such bounds as in Conjecture 1.1 are also expected. More
reasonably, we may ask
Question 1.2. Is there a number M(n, p) ∈ N+ such that for any m ≥ M(n, p) the
adjoint line bundle OX(KX +mA) is globally generated or very ample when X is
a smooth projective variety of dimension n defined over a field of characteristic p?
Can we expect furthermore that M(n, p) is independent of p?
Along this direction, in dimension two, by adapting Reider’s method to charac-
teristic p, Shepherd-Barron [SB91, Corollary 8] proved Conjecture 1.1 for smooth
projective surfaces except quasi-elliptic surfaces and surfaces of general type, and
more recently it is claimed that Conjecture 1.1 holds for quasi-elliptic surfaces by
Chen [Che]. For higher dimensional varieties, by the work of Smith and Keeler
([Kee08,Kee19, Smi97, Smi00]), it is known that Conjecture 1.1 also is true, under
an additional assumption that OX(A) is globally generated. Furthermore, there
are many other attempts to solve this problem ([Nak93,Ter99,MS14,Sch14,DCF15,
Mur19]), for example, Di Cerbo and Fanelli [DCF15] proved |2KX + 38A| is very
ample for a surface; Mustat¸a˘ and Schwede [MS14] introduced a Frobenius variant
version of Seshadri constant to study adjoint linear systems; and Murayama [Mur19]
summarized systematically how to apply Seshadri constant in positive characteristic
to study adjoint linear system.
The purpose of this paper is, however, to give a negative answer to Question 1.2.
The main result is the following theorem.
Theorem 1.3. Over an arbitrary algebraically closed field k with char k = p > 0
and for any integer m ∈ N+, there exist a smooth projective surface S and an ample
Cartier divisor A on S such that, the linear system |KS + mA| is not free of base
point.
Remark 1.4. In particular, the answer to Question 1.2 is negative and as a result,
Fujita’s conjecture already fails for surfaces in positive characteristic.
Although the effectivity of the freeness of an adjoint linear system does not make
sense, we could still study the birationality of an adjoint linear system. By the
construction, it is not difficult to see that for any b > 0 there exist S and A as
in Theorem 1.3 such that the Seshadri constant ǫ(A, x) < b for any x ∈ Γ2 and
ǫ(A, x) ≥ 1 when x ∈ S \ Γ2. So in fact the adjoint system |KS +mA| could define
a birational map when m > 3 .
Our construction is a generalization of Raynaud’s construction ([Ray78,Muk13]).
As known to experts, comparing with the case in characteristic zero, one disadvan-
tage in dealing with Conjecture 1.1 or Question 1.2 is that Kodaira type vanishing
fails in characteristic p > 0, say, for Raynaud surfaces ([Ray78,Muk13]). So we
firstly checked Conjecture 1.1 for Raynaud surfaces and had already discovered ex-
amples violating Conjecture 1.1, but for Raynaud surfaces we also find there exist a
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bound M(p) relying on p such that for m ≥M(p), the linear system OS(KS +mA)
is very ample. As a result, Raynaud surfaces alone do not give a negative answer to
Question 1.2. Then inspired by these examples, we manage to generalize the Ray-
naud surface to a new kind of surface S (cf. Section 2) as required in Theorem 1.3.
Acknowledgement: We would like to thank Prof. Hiromu Tanaka and Prof.
Takumi Murayama for their useful comments and suggestion. The first named
author is supported by grant NSFC (No. 11801391) and NSF of Jiangsu Province
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2. A generalization of Raynaud surface
We present a generalization of Raynaud surfaces given in [Ray78]. We fix an
algebraically closed field k of arbitrary characteristic p > 0 in this section.
2.1. Outline of the generalization. In [Ray78], Raynaud constructed surfaces
over k violating Kodaira’s vanishing theorem, which induce many characteristic-p
pathologies. We are enlightened by his construction to give the examples violating
Fujita’s conjecture. So first let’s briefly recall the construction of the Raynaud
surface S in [Ray78].
The Raynaud surface S is a cyclic cover π : S → P of degree prime to p over a
ruled surface P→ C over a curve C branched along a union of two disjoint smooth
divisors Σi ⊆ P, i = 1, 2 such that
(i) the restriction map Σ1 → C an isomorphism. Namely Σ1 is a section of the
ruled surface;
(ii) the restriction map Σ2 → C is a purely inseparable morphism of degree p; and
(iii) Σ1 · Σ2 = 0.
We shall generalize Raynaud’s construction. More precisely, we generalize the
above configuration (P→ C,Σ1,Σ2) by replacing the condition (ii) with
(ii*) The restriction map Σ2 → C is a purely inseparable morphism of degree
q = pn for n ∈ N+.
2.2. The base curve. Fix an arbitrary positive integer n and set q = pn. We first
give the base curve C which is obtained by a slightly modification of the example
in [Ray78] or [Muk13, Exm. 1.3].
Let C ⊆ P2k = Proj(k[X, Y, Z]) be the plane curve defined by the equation:
(1) Y qe −Xqe−1Y = XZqe−1,
where e ∈ N+ is a free variable. It can be easily checked that C is a smooth curve
and 2g(C)− 2 = qe(qe− 3).
Take ∞ := [0, 0, 1] on C. Then U1 := C\∞ = C ∩ {X = 1} is an affine open
subset defined by yqe1 − y1 = zqe−1 with y1 = Y/X and z = Z/X . As a result, dz is
a generator of Ω1U1/k since dy1 = z
qe−2dz. In particular, we have
(2) KC = div(dz) = (2g(C)− 2)∞ = qe(qe− 3) · ∞.
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Set V := C ∩ {Z 6= 0}. Then V is an open affine subset containing ∞ defined by
equation yqe − xqe−1y = x with y = Y/Z and x = X/Z, and the point ∞ is defined
by x = y = 0. By local computation, we have:
• y is a local parameter at ∞ and invertible on V \∞.
• v∞(x) = qe.
As a result, γ := (
x
yqe
)qe−2y is also a local parameter at ∞ and thus there is a small
open neighbourhood U2 ⊆ V of∞ such that γ is regular on U2 and dγ is a generator
of Ω1U2/k.
Finally, we have
z − y−qe = 1
x
− 1
yqe
=
xqe−1y
xyqe
= yqe(qe−3)γ,
or equivalently,
z = (ye(qe−3))qγ + (y−e)q.
In summation, we have an affine covering C = U1∪U2 with two rational functions
z1 = z, z2 = γ such that
• zi is regular on Ui and dzi is a generator of Ω1Ui/k;• the translation of zi is given by:
(3) z1 = α
qz2 + β
q,
where α = ye(qe−3) ∈ OC(U1 ∩ U2)∗ and β = y−e ∈ OC(U1 ∩ U2).
We remark here that y is invertible on U1 ∩ U2 = U2\∞ ⊆ V \∞.
By construction we are then equipped with a rank two locally free coherent sub-
sheaf E ⊆ F n∗ OC defined as
(4) E|Ui = OUi · 1⊕OUi · q
√
zi ⊆ F n∗ OC |Ui = q
√
OC =
q−1⊕
j=0
OC · q
√
zji .
Here note that the translation relation of E is q√z1 = α · q√z2+ β which makes sense
by the equation (3), and the last equality of (4) follows from the assumption zi is
a local generator of Ω1Ui/k. The natural inclusion OC ⊆ E gives the following exact
sequence:
(5) 0→ OC → E θ→ L → 0,
where L is an invertible sheaf with generators ηi := θ( q√zi) on Ui and translation
relation η1 = α · η2. Moreover by construction we have
(6) L ∼= OC(e(qe− 3) · ∞) and Lq ∼= ω1C/k.
2.3. The Ruled surfaces associated. We then study the ruled surface
P(E) := ProjOC (Sym(E))
ρ→ C.
As mentioned above, this ruled surface admits a special configuration of two disjoint
smooth divisors Σ1,Σ2. We now give their constructions. First the exact sequence
(5) gives a divisor Σ1 ∈ |OP(E)(1)| such that:
• Σ1 is a section of ρ;
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• OΣ1(1) = ρ∗L|Σ1,Σ21 = degL = (2g(C) − 2)/q > 0 and in particular, Σ1 is
nef and big.
Then, the restriction of the multiplicative map to OC ⊗OC F n∗ OC
ι : E ⊗OC F n∗ OC →֒ F n∗ OC ⊗OC F n∗ OC multiplication−−−−−−−−→ F n∗ OC
gives a splitting of (5) tensoring with F n∗ OC as the left diagram below. This splitting
then gives a map ν as the right diagram below.
OC ⊗ F n∗ OC
≃



// E ⊗ F n∗ OC
ι

F n∗ OC F n∗ OC
C
Fn
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
ν
// P(E)
ρ
ww♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣
C
In particular, there is another divisor Σ2 := ν(C) such that:
• Σ1 · Σ2 = 0;
• OΣ2 is the sub-algebra A := Im(ψ : Sym(E)→ F n∗ OC), where the map ψ is
induced by the inclusion E ⊆ F n∗ OC . As a result, by (4), A = F n∗ OC , the
map ν is an embedding, Σ2 is smooth and ρ|Σ2 : Σ2 → C is the n-th iterated
Frobenius map of C.
• Σ2 ∈ |OP(E)(q)⊗ ρ∗ω−1C/k|.
So far, we have given the promised configuration mentioned in the first subsection
of this part.
2.4. A generalized Raynaud’s surface. With the configuration (P(E),Σ1,Σ2),
we shall construct a generalized Raynaud surface.
In the following we assume in the defining equation (1) of C, the free integral
variable e is such that
() (q + 1) | qe(qe− 3) = 2g(C)− 2.
This assumption can be easily achieved, e.g., by taking (q+1) | e. Then denote the
invertible sheaf N := OC(qe(qe− 3)
q + 1
∞), and we have
N q+1 ≃ OC(qe(qe− 3) · ∞) ≃ ωC
by (2). As a result, the invertible sheaf M := OP(E)(1)⊗ ρ∗N−1 is such that
Mq+1 = OP(E)(q + 1)⊗ ρ∗ω−1C/k ≃ OP(E)(Σ1 + Σ2).
It is well known the data (M,Σ1 + Σ2) gives a finite flat (q + 1)-cyclic cover
π : S = SpecOP(E)(OP(E) ⊕M−1 ⊕ · · · ⊕M−q)→ P(E)
branched along Σ := Σ1 + Σ2. Here the OP(E)-algebra structure on
OP(E) ⊕M−1 ⊕ · · · ⊕M−q
is defined by the embedding M−q ∼= OX(−Σ1 − Σ2) →֒ OX .
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S
pi
//
f
&&▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
P(E)
ρ
ww♣♣
♣♣
♣♣
♣♣
♣♣
♣♣
♣
C
Since Σ := Σ1 + Σ2 is smooth, the surface S is a also smooth.
Remark 2.1. When n = 1, our surface S is the one in [Ray78] and [Muk13].
Since π is branched along Σi, i = 1, 2, we have divisors Γi ⊆ S such that π∗Σi =
(q + 1)Γi. In particular, the divisor Γ1 is again nef and big and hence Γ1 + f
∗R is
ample for any ample divisor R on C.
Finally, we have
ωS/k ∼= π∗(ωP(E)/k ⊗Mq)
∼= π∗(OP(E)(q − 2)⊗ ρ∗(L⊗N ))
∼= π∗(OP(E)(q − 2)⊗ ρ∗(L2(−l∞)))
(7)
where
l :=
e(qe− 3)
(q + 1)
and the third “∼=” is due to L ∼= OC(e(qe− 3) · ∞) and
(8) L−1 ⊗N ≃ OC((−qe(qe− 3)
q
+
qe(qe− 3)
q + 1
) · ∞) = OC(−l · ∞).
3. Adjoint linear systems on generalized Raynaud surfaces
For any ample divisor R on C, we set AR = Γ1 + f
∗R. As mentioned above, this
divisor is ample. For any positive integer 1 ≤ m ≤ q, we study the adjoint linear
system |KS +mAR| for 1 ≤ m ≤ q in this section.
The main result is
Theorem 3.1. Assume in the defining equation (1) of C, the free integral variable
e is such that
(⋆) l − q − 1 = e(qe− 3)
q + 1
− q + 1 ≥ e(q − 2).
Then there is an open dense subset Um ⊆ C such that for any Q ∈ Um and every
Cartier divisor RQ of degree one such that mRQ ∼ (m − 1) · ∞ + Q, the adjoint
systems |KS +mARQ | has a base point Σ2 ∩ f−1(Q).
The condition (⋆) is easily statisfied, i.e., by taking e≫ q, and the existence of
RQ for every Q is guaranteed by the divisibility of Pic
0(C). The rest part of this
section is devoted to prove Theorem 3.1.
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3.1. A non-free criterion. From the construction of S, we have
π∗OS = OP(E) ⊕M−1 ⊕ · · · ⊕M−q.
Note that the sections from each direct summand M−i, i = 1, · · · , q over any open
subset U considered as regular functions on π−1(U) vanish on (Γ1∪Γ2)∩π−1(U) by
construction. Moreover, we have the following proposition on the decomposition of
certain ideal sheaves, which are invariant under the action of Aut(Y/X).
Proposition 3.2 (cf. [Zhe17, Prop. 3.3]). Then for 0 ≤ r < q+1 the ideal OS(−rΓ1)
has a decomposition
π∗OS(−rΓ1) =
r−1⊕
i=0
M−i(−Σ1)
⊕ q⊕
i=r
M−i ⊆ π∗OS =
q⊕
i=0
M−i
which is compatible with the decomposition of π∗OS.
Corollary 3.3. Let F be an invertible sheaf on P(E). Then by projection formula,
for 0 ≤ r < q + 1 we have a decomposition
π∗(π
∗F(−rΓ1)) =
r−1⊕
i=0
M−i ⊗ F(−Σ1)
⊕ q⊕
i=r
M−i ⊗ F ,
and the global sections of π∗L(−rΓ1) from all but the first direct summand M0 ⊗
F(−Σ1) ≃ F(−Σ1) vanish along Γ2.
Proof. First we know that the sheaf π∗F(−rΓ1) as OS is globally generated if and
only if the push forward π∗(π
∗F(−rΓ1)) is globally generated as π∗OS = OP(E) ⊕
M−1 ⊕ · · · ⊕M−q-module.
Then we note that any summand mapping into the first summand under the
action of π∗OS on π∗(π∗F(−rΓ1)) can be described as follows:
• (M−i⊗F(−Σ1))⊗Mi−q−1 = O(−Σ1−Σ2)⊗M0⊗F(−Σ1) ⊂M0⊗F(−Σ1)
as a sub-sheaf determined by the ideal sheaf O(−Σ1−Σ2), when 1 ≤ i ≤ r−1;
• (M−i ⊗ F) ⊗Mi−q−1 = O(−Σ2) ⊗M0 ⊗ F(−Σ1) ⊂ M0 ⊗ F(−Σ1) as a
sub-sheaf determined by the ideal sheaf O(−Σ2), when r ≤ i ≤ q.
So the sections of all but the first summands of π∗π
∗F(−rΓ1) can’t generate π∗(π∗F(−rΓ1))
as π∗OS-module at Σ2. 
In particular, if the first summand F(−Σ1) as OP(E)-module has a base point
Q0 ∈ Σ2, then π∗F(−rΓ1) will have a base point π−1(Q0) ∈ Γ2.
Note that by construction we have
OS(KS +mARQ) = π∗(OP(E)(q − 2)⊗ ρ∗(L ⊗N (mRQ)))(mΓ1)
= π∗(OP(E)(q − 1)⊗ ρ∗(L ⊗N (mRQ)))(−(q + 1−m)Γ1).(9)
Therefore, by Corollary 3.3, Theorem 3.1 follows from the next proposition.
Proposition 3.4. Let Q := OP(E)(q − 2) ⊗ ρ∗(L ⊗ N ). When (⋆) holds, there is
an open dense subset Um ⊆ C such that for every closed point Q ∈ Um, the natural
map
(10) H0(P(E),Q⊗ρ∗OC((m−1) ·∞)) ⊗ρ
∗sQ→ H0(P(E),Q⊗ρ∗OC((m−1) ·∞+Q))
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is an isomorphism, where sQ ∈ H0(C,OC(Q)) is the section corresponding to Q.
In fact, this proposition says that |OP(E)(q − 2) ⊗ ρ∗(L ⊗ N (mRQ))| contains
FQ := ρ
−1(Q) as a component of the fixed part and hence has a base point on Σ2.
3.2. Proof of Proposition 3.4. For simplicity, we set
N := (
e(qe− 1)
q + 1
− (m− 1)) = (l + 1−m)
and ∆ := N · ∞, and hence L ⊗ N ((m− 1) · ∞) = L2(−∆) by (8). An immediate
consequence of the assumption (⋆) is that
(11) deg∆ = N ≥ l + 1− q ≥ e(q − 2).
For Proposition 3.4, it suffices to verify that
H0(C, Sq−2(E)⊗ L2(−∆)) ⊗sQ→ H0(C, Sq−2(E)⊗L2(−∆+Q))
is an isomorphism.
Note that we have the following filtration induced by (5)
S−1(E) := 0 ⊆ S0(E) ⊆ · · · ⊆ Sq−2(E),
and define Sr := (Sq−2(E)/Sr−1(E))⊗ L2, r = 0, · · · , q − 2. Next we shall prove by
a descending induction on r that:
(♣) for any r = q − 2, · · · , 0, there is an open dense subset Vr ⊆ U1 = C\∞ such
that the natural maps
H0(C,Sr(−∆)) ⊗sQ→ H0(C,Sr(−∆+Q))
are isomorphism for all Q ∈ Vr.
In fact, the assertion (♣) with r = 0 is nothing but the assertion of Proposition 3.4.
Before we run the induction process, we first give a lemma.
Lemma 3.5. For any 0 ≤ i ≤ q, the natural map
H0(C,Li(−∆)) ⊗sQ→ H0(C,Li(−∆+Q))
is an isomorphism for any Q 6=∞.
Proof. Recall that Lq ∼ KC . By Riemann-Roch formula and Serre duality, it suffices
to prove the natural map
H1(C,Li(−∆+Q))∨ ∼= H0(C,Lq−i(∆−Q)) ⊗sQ→ H0(C,Lq−i(∆)) ∼= H0(C,Li(−∆))∨
is not an isomorphism for all Q 6=∞. This is true because Q is not a base point of
|Lq−i(∆)| = |(q − i)e(qe− 3) + l) · ∞|. 
Now let us prove the claim (♣). First set r = q − 2, then we have Sq−2 = Lq. So
Lemma 3.5 with i = q gives the claim (♣) for r = q − 2 and Vq−2 can be taken as
U1 = C\∞.
Now assume the assertion (♣) is true for r + 1 ≤ q − 2. Let’s show that it is also
true for r. From the filtration induced by (5)
S−1(E) := 0 ⊆ S0(E) ⊆ · · · ⊆ Sq−2(E),
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we get the exact sequence:
0→ Sr(E)/Sr−1(E)→ Sq+2(E)/Sr−1(E)→ Sq+2(E)/Sr(E)→ 0,
which by tensoring with L2 gives
(12) 0→ Lr+2 → Sr → Sr+1 → 0.
Tensoring this exact sequence with OC(−∆) and OC(−∆ + Q) for Q ∈ Vr+1, we
obtain the following commutative diagram of exact sequences:
0→ Lr+2(−∆)

// Sr(−∆)

// Sr+1(−∆)→ 0

0→ Lr+2(−∆+Q) // Sr(−∆+Q) // Sr+1(−∆+Q)→ 0
Taking the cohomology of the above sequences we obtain
H0(Lr+2(−∆)) //
⊗sQ∼=

H0(Sr(−∆)) //
αr

H0(Sr+1(−∆)) φ //
αr+1∼=

H1(Lr+2(−∆))
⊗sQ

H0(Lr+2(−∆+Q)) // H0(Sr(−∆+Q)) // H0(Sr+1(−∆+Q)) φQ // H1(Lr+2(−∆+Q)).
Here the leftmost vertical isomorphism follows from Lemma 3.5 and αr+1 is an
isomorphism by the inductive assumption on r+1. Now we want to find some open
dense subset Vr ⊆ Vr+1 such that αr is an isomorphism for any Q ∈ Vr. By diagram
chasing, we need to verify the condition
• the intersection of W := Im(φ) ⊆ H1(C,Lr+2(−∆)) with the kernel of the
map ιQ : H
1(C,Lr+2(−∆)) ⊗sQ−−→ H1(C,Lr+2(−∆+Q)) is zero.
We claim that ifW ( independent of Q) is a proper subspace of the spaceH1(C,Lr+2(−∆)),
then there exists an open dense subset Vr ⊆ Vr+1 such that, for every point Q ∈ Vr
the kernel of ιQ does not intersect W outside zero. Since W ⊆ H1(C,Lr−2(−∆)) is
a proper subspace, by Serre duality we can take a nonzero section
0 6= ω0 ∈ H0(C,Lq−r−2(∆)) ∼= H1(C,Lr+2(−∆))∨
such that the pairing
< ω0, w >= 0, ∀ w ∈ W.
Let Z(ω0) be the set of zeros of ω0. We take
Vr = (C \ Z(ω0)) ∩ Vr+1.
Then for any fixed point Q ∈ Vr, ω0 is not contained in the linear subspace
H0(Lq−r−2(∆ − Q)) ⊗ sQ ⊆ H0(Lq−r−2(∆)), and also note that this subspace is
of codimension one, So we have
H0(Lq−r−2(∆)) = (H0(Lq−r−2(∆−Q))⊗ sQ)
⊕
k · ω0.(13)
For any s ∈ ker(ιQ) ∩W , it is easy to see that
< ω′ ⊗ sQ, s >=< ω′, s⊗ sQ >= 0
∀ ω′ ∈ H0(Lp−r−2(∆ − Q)) ∼= H1(Lr+2(−∆ + Q))∨, and this, combining with <
ω0, s >= 0 and (13), shows that s = 0.
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Finally we will finish the proof of the claim (♣) by proving thatW ⊆ H1(C,Lr+2(−∆))
is a proper subspace.
Lemma 3.6. The associated map
φ : H0(C,Sr+1(−∆))→ H1(C,Lr+2(−∆))
is not surjective for r = q − 1, . . . , 0.
Proof. By Serre’s duality, we only need to find
0 6= ω ∈ H0(C, ωC/k ⊗ L−r−2(∆)) ∼= H1(C,Lr+2(−∆))∨
such that for any s ∈ H0(C,Sr+1(−∆)) the pairing < ω, φ(s) >= 0, which means
ω ⊗ φ(s) = 0 ∈ H1(C, ωC/k) ∼= Hˇ1(U = {U1, U2}, ωC/k).
We will actually take
ω = dz1⊗η−r−21 = αq−r−2dz2⊗η−r−22 ∈ H0(C, ωC/k⊗L−r−2) ⊆ H0(C, ωC/k⊗L−r−2(∆)).
where ηi are recalled to be the local generators of L on Ui with η1 = α · η2 and
α = ye(q−3). Recall also β = y−e and yN is a generator for OC(−∆) on U2. Now
take an arbitrary s ∈ H0(C,Sr+1(−∆)). Note that Sr+1(−∆) has bases { q
√
zr+11 ⊗
η21 , · · · , q
√
zq−21 ⊗ η21} on U1 and {yN q
√
zr+12 ⊗ η22, · · · , yN q
√
zq−22 ⊗ η22} on U2. We can
locally write s as
s = (ur+1
q
√
zr+11 + · · ·+ uq−2 q
√
zq−21 )⊗ η21
= yN(vr+1
q
√
zr+12 + · · ·+ vq−2 q
√
zq−22 )⊗ η22.
(14)
with ui ∈ OC(U1) and vi ∈ OC(U2).
To calculate the element φ(s) ∈ Hˇ1(U ,Lr+2(−∆)), we lift s to sections of Sr(−∆)
locally on Ui as follows
s1 = (ur+1
q
√
zr+11 + · · ·+ uq−2 q
√
zq−21 )⊗ η21 on U1
and
s2 = (vr+1
q
√
zr+12 + · · ·+ vq−2 q
√
zq−22 )⊗ yNη22 on U2.
Note that s2− s1 ∈ H0(U1 ∩U2,Lq−j+r(−∆)) represents the desired element φ(s) ∈
Hˇ1(U ,Lr+2(−N ·∞)). We then need to calculate s2− s1. By construction, we have
s2 − s1 = µ · q
√
zr1 ⊗ η22 = µ · αr ⊗ ηr+22 ∈ H0(U1 ∩ U2,Lr+2(−∆))
with µ being the coefficient of q
√
zr1 in the polynomial expansion of
yN(vr+1
q
√
zr+12 + · · ·+ vq−2 q
√
zq−22 )
with variable p
√
z1. As a result, by the translation relation q
√
z1 = α q
√
z2+β we have
u = yNα−r(Crr+1vr+1(
−β
α
) + · · ·+ Crq−2vq−2(
−β
α
)q−2−r)
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In turn, the element ω ⊗ φ(s) ∈ Hˇ1(U , ωC/k) is represented by
yNαq−r−2(Crr+1vr+1(
−β
α
) + · · ·+ Crq−2vq−2(
−β
α
)q−2−r) · dz2
=yN(Crr+1vr+1 · αq−r−3(−β) + · · ·+ Crq−2vq−2 · (−β)q−r−2)dz2
in H0(U1 ∩ U2, ωC/k). Since vi are regular on U2 and α = ye(q−3), β = y−e, we have
v∞(y
N(Crr+1vr+1 · αq−r−3(−β) + · · ·+ Crq−2vq−2 · (−β)q−r−2))
≥v∞(yN · βq−r−2) = N − e(q − r − 2) ≥ N − e(q − 2) ≥ 0.
Hence ω⊗φ(s) extends regularly on U2, which means ω⊗φ(s) = 0 in Hˇ1(U , ωC/k). 
3.3. Conclusions. In summary, for any fixed algebraically closed field k of charac-
teristic p > 0 and any positive integerm ≥ 1, by taking q = pn ≥ m and e = (q+1)e0
for some e0 ∈ N+ fulfilling () and (⋆), Theorem 3.1 shows that on the associated
smooth projective surface S constructed in Section 2, there is an ample divisor A
such that |KS+mA| is not free of base points. Namely, we have proven Theorem 1.3.
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